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We show that Einstein gravity emerges as a fixed point of the Einstein-Ricci Flow Equations and
derive a renormalization group flow for 4D Lorentzian spacetimes. From the RG flow, we find a
well posed action functional, the deformation action, where the metric tensor field is promoted to a
dynamical variable. The dynamics of the metric reveal that curvature deformations flow according
to a heat equation with the stress-energy tensor acting as a source.
INTRODUCTION
Gravity, once described as purely a force from the New-
tonian picture, underwent a revolution in the last cen-
tury. The Einsteinian view point [1] of understanding
gravity as a curvature of spacetime emerged as a result of
the tectonic departure from the Newtonian perspective,
and has endured through experimental and theoretical
verifications. The modern approach to describe gravity
starts with the Einstein-Hilbert action;
A =
∫
M
R (1)
which, upon variation of the Ricci scalar R and the vol-
ume form , produces the vacuum Einstein field equations
under some conditions on the metric, gab, at the bound-
ary, ∂M, of the spacetime manifold. When a matter
action AM is provided, one recovers Einstein’s seminal
discovery [2]
Rab − 1
2
Rgab = Tab, (2)
that is, matter sources the curvature of spacetime and the
background dictates the motion of objects. The strength
of the action formulation of the general theory of rel-
ativity lies in its compatibility with the other theories
of physics, such as electrodynamics, classical free fields,
classical interacting fields, all of which also admit an
action principle. As matter is fundamentally quantum,
these classical field theories, except gravity, find an action
description within the framework of quantum field theory
where additional structure, namely non-commutativity,
is imposed onto the fields.
Though this arises from different contexts, general rel-
ativity and quantum field theory share this key feature
of non-commutativity. While the quantization procedure
imposes non-commutativity of field operators, curvature
of spacetime canonically requires non-commutativity of
tensor fields. As a result of operator non-commutativity,
quantum field theories are rife with infinities which need
to be tamed, i.e., renormalized. A rich set of methods
to control these divergences have been successfully em-
ployed to characterize quantum phenomenon over the last
century, one of these is renormalization group flow [3].
In fluid dynamics, statistical field theory, and quan-
tum field theory, renormalization group flow describes
the state of a physical system at different energy or length
scale. In fact, a renormalized quantum description of
electrodynamics prevailed only after incorporation of RG
flow to determine the heuristics of the electric coupling.
The similarities between classical gravity and quantum
field theory ends here however. There are two major, con-
nected, issues with the gravitational action. Firstly, the
Einstein-Hilbert action is not a well posed as the met-
ric is not truly a dynamical variable on the same footing
as a field in quantum field theory [4]. Secondly, gravity
evades an adequate quantum description as RG methods
to control gravitational divergences have been shown to
not be perturbatively renormalizable.
Consider the issue of well posedness. In order to obtain
agreement with the vacuum Einstein field equations from
the variation of the Einstein-Hilbert action
δA =
∫
M
[Gabδgab + gabδRab]√−gd4x (3)
the last term in the variation has to vanish. The standard
procedure is to express gabδRab = ∇aX a, and integrate
it out to the boundary via Stokes’ theorem. To eliminate
this term, one sets the metric variations to vanish on the
boundary and either adds counterterms to the gravita-
tional action, such as the Gibbons–Hawking–York term,
or one sets the derivatives of the metric variations to zero
[4]. Though the action becomes well posed, one loses the
dynamical nature of the metric placing Einstein grav-
ity in conflict with standard field theoretical practices,
namely RG flow.
The aim of this work is to provide a well posed action
which retains the dynamical nature of the metric. The
cost, however, is a departure from the Einstein field equa-
tions. Instead, though a combination of RG flow, Ricci
flow, and configuration space techniques, we obtain the
Einstein-Ricci Flow Equations (ERFE)
Gab[λ] + σ
2
δgab[λ]
δλ
= κTab[λ] (4)
with the Einstein field equations arising as a fixed point
of the flow and κ = 8piGN as usual.
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2RG FLOW OF SPACETIME
Suppose we had a standard differentiable manifold,M,
equipped with a metric, gab, with an n−dimensional vol-
ume, Vn. Presently, the manifold is given an initial shape
by the metric. If we wish to smoothly deform the mani-
fold, we provide a parameterization µ ∈ R+ ∪ {0} which
characterizes the evolution of the manifold under this
deformation. Then by creating a configuration space of
(µ, gab), we find the functional M[µ, gab] with the initial
condition M[0, gab] ≡ (M, gab) which is the initial man-
ifold configuration. Then the variational element along
the path traced by this function is
δM = δM
δµ
δµ+
δM
δgab
δgab. (5)
The first condition we impose is that the dimension of
the manifold is conserved, i.e., δn = 0 = δ(gabgab).
We make no restrictions on the genus of the manifold
however. Along the path, the volume of the manifold
will change, therefore we impose that δM = nδVnM.
With the following definitions for a beta tensor field and
gamma function
βab(gab) =
µ
δµ
δgab γn = − µ
δµ
δVn, (6)
we find a renormalization group flow equation for the
spacetime manifold[
µ
δ
δµ
+ βab(gab)
δ
δgab
+ nγn
]
M[µ, gab] = 0. (7)
This renormalization group flow is a Lie group flow.
In configuration space, every point along the path
traced by M[µ, gab] corresponds to a different manifold
with a metric configuration. Any two of these configura-
tion points are connected via diffeomorphisms. We can
then form a continuous group, called the deformation
group D(M), from this family of manifolds.
As every Lie group has a representation as a differen-
tiable manifold, D(M) must be a continuous group of
Lie groups. Since deforming the manifold also deforms
the metric, the metric should implicitly depend on the
parameterization µ, i.e., gab ≡ gab[µ]. Note that each of
these metrics are also connected via push-forward or pull-
back diffeomorphisms. As we traverse the pathM[µ, gab]
in configuration space, we flow from one Lie group to an-
other within the deformation group by a one parameter,
µ, family of diffeomorphisms. Thus the RG flow of a
manifold is a Lie group flow, specifically a deformation
group flow, and infinitesimal deformations of spacetime
are diffeomorphisms.
From this analysis, the renormalization group flow of
spacetime, Eqn. (7), provides the opportunity to study
dynamical transitions of the metric as the running of the
coupling. In the following section, we discuss these dy-
namics and we introduce Ricci flow as a renormalization
procedure to control manifold divergences.
Ricci Flow and Phase Transitions of a Spacetime
By providing a framework of RG flow for spacetimes,
we have taken a step towards promoting the metric to be-
come a dynamical variable. By course graining the metric
and constructing the (µ, gab[µ]) configuration space, we
may chart the evolution of the metric tensor field from an
initial state, gab[µ = 0] = g
i
ab to a final deformed state.
This evolution is in fact captured by the beta tensor field
as a running of the coupling as we show below.
In general relativity, diffeomorphism invariance allows
us to infinitesimally translate the metric along some vec-
tor field ξ, i.e., δgab = (Lξg)ab. As these translations de-
form the metric, ξ must be a generator of deformations.
From the course graining procedure,
(Lξg)ab = δgab =
(
δgab
δµ
)
δµ (8)
we connect the generator to the variational derivative.
From Eqn. (6), the beta tensor field
βab(gab) =
µ
δµ
δgab[µ] = µ
δgab[µ]
δµ
=
δgab[µ]
δ log(µ)
. (9)
then takes on a canonical form. Thus, the dynamics of
the metric is captured by the running of the coupling.
Let’s consider an example; a binary black hole merger.
During a merger in vacuum, the spacetime manifold tran-
sitions from two curvature singularities to one. Though
the metric of a binary black hole spacetime is unknown,
we understand that the metric is continuously deformed
until the final state, namely Schwarzchild or Kerr, is
reached. The beta tensor field characterizes this violent
transition of topological defects, illustrating that curva-
ture perturbations scale with manifold deformations.
In writing the Callan-Symanzik equation, Eqn. (7), we
require a reliable renormalization procedure to control
any curvature divergences which arise in the βab flow. In
Hamilton’s Ricci flow [5], the metric evolves according to
σ
∂gab[λ]
∂λ
= −Rab[λ] (10)
where σ is a dimensionful constant such that [σ] = L−2.
After Freidan [6] proved that Ricci flow arises in physical
2D non-linear sigma models as a RG flow, Perelman [7],
motivated by this insight, developed a rich set of methods
to control curvature singularities in the flow and eventu-
ally proved the Poincare´ conjecture. Ricci flow, however,
was tailored according to Riemannian geometry and does
not have an action formulation [8].
The rest of this paper is focused on providing a form for
βab by taking inspiration from Ricci flow. We return to
the Einstein-Hilbert action in order to build a framework
for gravity which is not only compatible with this RG flow
proposal but also manifestly incorporates the methods of
taming curvature singularities found in Ricci flow.
3THE DEFORMATION ACTION
The action principle has a fundamental requirement,
i.e., path independence. The principle of stationary ac-
tion may be applied only when each path is equally
weighted. Earlier we had mentioned that quantum field
theory and general relativity share non-commutativity.
Though quantum fields are non-commutative, a quantum
field is free to choose any path through spacetimes. How-
ever, the non-commutativity of tensor fields in the pres-
ence of curvature demonstrates that path dependence is
fundamentally built into curved spacetime. Therefore,
the Einstein-Hilbert action is not canonically amenable
with the principle of least action [9] because it is a second
derivative metric theory and due to path dependence.
However, the idea of treating the scalar curvature den-
sity, R√−g, as an energy is compatible with the action
principle if, instead of integrating over the manifold, we
integrate the Einstein-Hilbert Lagrangian over the path
taken in configuration space
D[gab] =
∫
λ
R√−g dλ (11)
where λ = log(µ). The above action encapsulates the
deformations of the manifold as the metric evolves over
the interval λ ∈ [λi, λf ]. Note that the Ricci scalar is a
function of metric and its spacetime derivatives but not
the dynamics of the metric, δλgab, i.e., R ≡ R[gab[λ]]
only. By variation of the deformation action, D, we find
δ
δλ
(
δ(R√−g)
δ(δλgab)
)
= 0 (12)
manifestly. This implies that the scalar R√−g is con-
stant along the path. Effectively, as the volume weight√−g of the manifold changes, the scalar curvature coun-
teracts this change. By the principle of least action,
δL
δgab
=
[
Rab − 1
2
Rgab + gcd δRcd
δgab
]√−g = 0 (13)
and it remains to decode the trace of the curvature de-
formation with respect to the metric deformation. By
expressing this term as a total divergence, we may sym-
metrize the expression and use the Levi-Civita property
of each spacetime manifold along the path, ∇[λ]g[λ] = 0
gcd
δRcd
δgab
= ∇aXb = 1
2
(LX g)ab. (14)
The vector field X is another generator of deformations
of the metric, and therefore X = σδ(log(µ)) ξ by virtue
of rescaling. Since the scale is independent of the coor-
dinates of the manifold, d(δ(log(µ))) = 0 vanishes, thus
(LXg)ab = σδ(λ)(Lξg)ab = σβab(gab) (15)
by Eqn. (9) and Cartan’s magic formula.
THE EINSTEIN-RICCI FLOW EQUATIONS
By straightforward variational calculus, we have deter-
mined that the often disregarded boundary term is the
beta tensor field,
gcd
δRcd
δgab
=
σ
2
βab(gab) =
σ
2
δgab[λ]
δλ
. (16)
Using only diffeomorphism invariance, we have connected
the deformation group flow to the Einstein-Hilbert La-
grangian via the deformation action Eqn. (11). From
this link, we present the Einstein-Ricci Flow Equations
Rab[λ]− 1
2
R[λ]gab[λ] + σ
2
δgab[λ]
δλ
= κTab[λ] (17)
where a matter Lagrangian, κLM [λ], was included in
Eqn. (11). The Einstein field equations arise in the small
deformation limit, that is precisely when the flow stops,
δλgab = 0. Furthermore, from the Bianchi identities,
σ
2
∇a[λ]
(
δgab
δλ
)
= κ∇a[λ]Tab[λ] (18)
implying that the stress-energy conservation laws are
well defined whenever the underlying spacetime manifold
structure is fixed. This is especially intuitive as static
spacetime configurations
δgab[λ]
δλ
= (LX g)ab = 0, (19)
by Eqn. (14), imply that the vector field X is a Killing.
Thus in order to obtain stress-energy conservation, the
spacetime must have a symmetry.
By changing the measure, we have uncovered a well
posed action Eqn. (11) and found dynamical field equa-
tions, Eqn. (17), without additional surface terms or
boundary conditions. To do so, we not only built a frame-
work for analyzing the RG flows of a spacetime manifold,
we also highlighted the method to retain the principle of
least action by introducing the deformation actionD[gab].
From the dynamics of the metric, we realize that the
Einstein-Ricci flow equations merge the Einstein field
equations and Hamilton’s Ricci flow into a heat equation
σ
2
δgab[λ]
δλ
= −Gab[λ] + κTab[λ] (20)
where the matter is treated as a source and the gravi-
tation tensor is a second order spacetime derivative op-
erator acting on the metric. Furthermore, the Einstein-
Ricci flow equations Eqn. (17) and the Bianchi identities
Eqn. (18) provide a method to discover Killing vectors
and study the stability of spacetimes.
This derivation not only provides a form for the beta
tensor field, but also incorporates Ricci flow directly into
the Einstein-Hilbert Lagrangian. From this procedure,
we may apply the methods developed by Perelman to
control curvature divergences directly to gravity.
4CONCLUSIONS
The Einstein field equations govern the response of ge-
ometry in the presence of energy and momentum. How-
ever, the field equations come from an ill posed action,
require specific conditions boundary conditions for well
posedness, and the Einstein-Hilbert action itself is in con-
flict with the principle of least action. Ultimately, the
canonical fixes to these issues leave the metric as a non-
dynamical object.
In the Einsteinian formulation, we are provided two
fundamental equations. The first is a matter equation;
the motion of objects on a curved background, i.e., the
geodesic equation. The second is an interaction equa-
tion between matter and geometry, the field equations
of gravitation. However, in the absence of matter, does
spacetime evolve? This question is fundamentally linked
to the inadequate description of spacetime singularities
arising in general relativity and to dark energy which
seems to not have a matter source. Spacetime itself has
to respond to geometric changes when matter is absent,
that is, spacetime has to be dynamical.
We have presented such a description of the dynami-
cal nature of spacetime and the metric tensor field. The
fundamental properties of a spacetime manifold are its
volume, its shape, and its genus. By infinitesimally de-
forming spacetime in a smooth way as to not change
the genus, we find a Callan-Symanzik equation Eqn. (7)
of the manifold and have extended geometric methods,
namely Ricci flow, to gravity through the Einstein-Ricci
flow equations Eqn. (17).
The Einstein-Ricci flow equations encapsulate the
propagation of matter on a set of geometries, discuss
the coupling between matter and geometry, and, now,
describes the transitions between two metrics in the ab-
sence of stress-energy. This unified description provides
avenues to study the stability of spacetimes, the creation
and annihilation of singularities, and when Killing vector
arise. The Einstein field equations are recovered either
as a fixed point of this theory or in the small deformation
limit, i.e., the IR limit.
The interpretation of the ERFE as a heat equation
brings forth an interesting connection with dissipative
Lagrangians. Treating δλgab as a dissipative term and
taking inspiration from the scalar field action, we aim to
study the non-dissipative deformation action
AD[gab, δλgab] =
∫
λ
[
σ
4
gab
δgab
δλ
−R
]√−g dλ (21)
which encodes the dynamics of the metric, treats the
Ricci scalar R = Racbdgabgcd as an m2Ψ2 term, and
whose variation under the least action principle
Gab[λ] = κTab[λ] (22)
is precisely satisfied by the original Einstein field equa-
tions in configuration space [10].
Furthermore, from the behavior of δλgab as heat, we
posit the connection between the ERFE and the first law
of thermodynamics
κTab = Gab + σ
2
δgab
δλ
←→ E = W +Q (23)
with the gravitation tensor acting as a non-conservative
work and are exploring the role of entropy [11].
As gravity is readily compatible with a configuration
space description, we will explore a phase space descrip-
tion of the metric and provide a Hamiltonian analysis for
a 4D spacetime. While a phase space description of the
metric tensor field allows for a systematic study of flows
and fixed points in the space of all metrics, the Hamilto-
nian picture will be instrumental to quantize this theory.
Lastly, we are studying a path integral representation
of gravity which might arise from
Z[gab] =
∫
exp
(
i
σ
[AD +AI ]
)
Dgab (24)
where Dgab is the measure in the space of all metrics, AI
is an interacting action, and σ replaces the role of ~ [12].
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